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Abstract
We derive Ginsparg-Wilson relation for a lattice chiral symmetry in theories with
self-interacting fermions. Auxiliary scalar and pseudo-scalar fields are introduced
on a coarse lattice to give an effective description of the fermionic interactions.
We obtain particular solutions to the Ginsparg-Wilson relation and other Ward-
Takahashi identities in a closed form. These non-perturbative solutions can be used
to construct a chiral invariant action and an invariant path-integral measure on the
coarse lattice. The resulting partition function exhibits the exact chiral symmetry
in the fermionic system with the auxiliary fields.
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1 Introduction
In the last decade, considerable progress has been made in realization of the chiral sym-
metry on the lattice. The crucial issue in this realization lies in an algebraic constraint on
lattice Dirac operators derived by Ginsparg and Wilson [1]. An explicit solution to the
Ginsparg-Wilson (GW) relation [1] was given [2]. It exhibits some remarkable properties
concerning chirality [3][4][5] and locality [6][7][8]: the Dirac operator is not ultra-local
but exponentially local. In the Lu¨scher’s realization of the chiral symmetry [4], the Dirac
operator appears in the symmetry transformations, thereby avoiding the no-go theorem
[9]. It has been also shown that this formulation of the chiral symmetry correctly gives the
index theorem related to the chiral anomaly [3][4]. See, for example, ref.[10] for reviews
of recent development.
The above considerations of the chiral symmetry are based on the GW relation which
is derived mainly in free theories. It is highly nontrivial how lattice chiral symmetry can
be realized in theories with generic interactions. In order to formulate the symmetry,
one has to construct symmetry transformations in such a way that both of action and
path-integral measure become chiral invariant. Recently, Lu¨scher has shown [11] that this
can be done in abelian chiral gauge theories with anomaly-free fermion multiplets. This
remarkable success is tempting us to formulate lattice chiral symmetry in other interacting
theories.
The purpose of this letter is to discuss chiral symmetry in fermionic self-interacting
system. To formulate the symmetry, we begin with a microscopic fermionic action on a
fine lattice, and then define a macroscopic action on a coarse lattice using the block-spin
transformation. The path-integral over the microscopic fields will generate fermionic self-
interaction terms in the macroscopic action. Instead of dealing with such terms directly,
we introduce auxiliary fields on the coarse lattice to give an effective description of the
fermionic interaction terms. We restrict ourselves here to scalar and pseudo-scalar fields.
The lattice action consists of potential of these fields, in addition to fermion bilinear forms
with the Yukawa coupling. Our main task is then to derive the Ward-Takahashi (WT)
identities which includes the GW relation for this action. The resulting GW relation
depends on the auxiliary fields, and gives an extension of the original GW relation in free
theories. The relation we obtain can be solved by making suitable locality assumption
on the chiral transformations of the auxiliary fields. It is found in our construction that
the auxiliary fields are transformed nonlinearly. We determine chiral invariants made of
the auxiliary fields, and a counter term needed to cancel the change in the path integral
measure defined on the coarse lattice. This can be done by solving the remaining WT
identities. The non-perturbative solutions we obtain can be used to define an exact chiral
symmetry in quantum system with the auxiliary fields describing the scalar and pseudo-
scalar couplings of the fermionic self-interactions. Our approach should be compared
with those in earlier attempts [4][12] [13][14], which were based on the GW relation in
free theories.
Since our construction of the symmetry is slightly involved, we present here our main
results. A detailed description of the chiral symmetry and its structure will be given
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elsewhere [15].
2 Macroscopic action with auxiliary fields
Let us consider a microscopic action Ac[ψc, ψ¯c] of the Dirac fields ψc(x), ψ¯c(x) carrying
a single flavor. These fields are defined on a d (even) dimensional fine-lattice whose
positions are labeled by x. The microscopic action describes a certain class of fermionic
self-interactions specified below. The action is assumed to be invariant under the chiral
transformation {
ψc(x) −→ ψ
′
c(x) ≡ ψc(x) + iǫγ5ψc(x)
ψ¯c(x) −→ ψ¯
′
c(x) ≡ ψ¯c(x) + ψ¯c(x)iǫγ5
, (2.1)
with an infinitesimal constant parameter ǫ:
Ac[ψc, ψ¯c] −→ Ac[ψ
′
c, ψ¯
′
c] = Ac[ψc, ψ¯c]. (2.2)
Let A[Ψ, Ψ¯] be an effective action of the Dirac fields Ψn, Ψ¯n defined on a coarse lattice.
Indices n,m are used for labeling sites of the lattice. This macroscopic action is obtained
from the microscopic action via the block-spin transformation [1]
e−A[Ψ,Ψ¯] ≡
∫
DψcDψ¯c e
−Ac[ψc,ψ¯c]−
∑
n
(Ψ¯n−B¯n)α(Ψn−Bn), (2.3)
where α is a constant parameter proportional to inverse of the coarse lattice spacing a,
α ∝ 1/a. The gaussian integral in (2.3) relates the macroscopic fields Ψn, Ψ¯n to the
block-spin variables defined by{
Bn ≡
∫
ddx fn(x)ψc(x)
B¯n ≡
∫
ddx ψ¯c(x)f
∗
n(x)
, (2.4)
where fn(x) is an appropriate function for coarse graining normalized as
∫
ddx f ∗n(x)fm(x) =
δnm.
The path-integral over the microscopic fields in (2.3) will generate fermionic self-
interaction terms in the macroscopic action A[Ψ, Ψ¯]. Dealing with such terms directly
makes our symmetry analysis complicated. We consider instead an effective theory with
some auxiliary fields, where the fermionic interaction terms generated by the block-spin
transformation can be replaced by an appropriate function of the auxiliary fields. We
introduce auxiliary fields σn and πn on the coarse lattice to describe the fermionic scalar
and pseudo-scalar interactions. As is well known, these interactions are incorporated
into the Nambu-Jona-Lasino model, and recognized as the most important couplings
to describe the chiral symmetry and its spontaneous breaking in the effective theory.
Therefore, it is reasonable to consider these auxiliary fields, and inclusion of other fields
can be done in a similar manner.
The macroscopic action we consider then takes of the form
A[Ψ, Ψ¯] = ΣnmΨ¯n(D0)nmΨm + V [Ψ¯n(δnm + h(∇)nm)Ψm, Ψ¯nγ5(δnm + h(∇)nm)Ψm], (2.5)
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where D0 is the Dirac operator for the kinetic term, and V denotes fermionic interactions
which consist of contact terms as well as non-contact ones with the difference operators
h(∇)nm. We may obtain the action (2.5) by performing integration over the auxiliary
fields in a new macroscopic action:
e−A[Ψ,Ψ¯] ≡
∫
DπDσe−
∑
nm
Ψ¯n((D0)nm+(δ+h(∇))nm(iγ5pi+σ)m)Ψm−AX [pi,σ]. (2.6)
It is noted that the Dirac fields appear only bilinearly in the new action. All the fermionic
interactions are cast into the Yukawa couplings with the auxiliary fields and the potential
term AX [π, σ]. The new action given above can be used to construct an exact chiral
symmetry in the macroscopic theory.
3 Ginsparg-Wilson relation in fermionic interacting
theory
We derive now GW relation for a chiral symmetry in the fermionic interacting theory on
the coarse lattice. Our derivation is based on the path-integral relation obtained above:∫
DπDσ e−
∑
nm
Ψ¯nD˜(pi,σ)nmΨm−AX [pi,σ]
=
∫
DψcDψ¯c e
−Ac[ψc,ψ¯c]−
∑
n
(Ψ¯n−B¯n)α(Ψn−Bn), (3.1)
where the total Dirac operator is given by
D˜(π, σ)nm = (D0)nm + (δ + h(∇))nm (iγ5π + σ)m
≡ D(π, σ)nm + δnm(iγ5π + σ)m. (3.2)
It is assumed that the D˜(π, σ) is at most linear in π and σ.
In oder to obtain the GW relation as a WT identity, we make a change of variables
in both sides of the path-integral. For the microscopic fields ψc(x), ψ¯c(x), we use the
chiral transformation given in (2.1) to have new variables. They lead to new block-spin
variables, {
B′n ≡ Bn + iǫγ5Bn
B¯′n ≡ B¯n + B¯niǫγ5
. (3.3)
For the macroscopic fields Ψn, Ψ¯n, it is reasonable to consider{
Ψ′n ≡ Ψn + iǫγ5Ψn
Ψ¯′n ≡ Ψ¯n + Ψ¯niǫγ5
. (3.4)
We may write the transformation on the auxiliary fields as{
π′n ≡ πn + ǫ δπn
σ′n ≡ σn + ǫ δσn
. (3.5)
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where δπn and δσn are unknown, and to be determined below. For the Dirac operator
D˜(π, σ), we have
D˜′ ≡ D˜ + ǫ δD + ǫ (iγ5δπ + δσ). (3.6)
Invariance of the path-integral under the above change of variables gives the WT
identity for our interacting system. It is derives as follows. Let us make the change of
variables given in (2.1), (3.3), (3.4) and (3.5). Then, the l.h.s of (3.1) expressed by new
variables turns to be∫
Dπ′Dσ′ e−
∑
nm
Ψ¯′nD˜(pi
′,σ′)nmΨ′m−AX [pi
′,σ′]
=
∫
DπDσ
×
[
1 + ǫ (δJX − δAX)− ǫ
∑
nm
Ψ¯n
(
i{γ5, D˜}+ δD˜
)
nm
Ψm +O(ǫ
2)
]
× exp
(
−
∑
nm
Ψ¯nD˜nmΨm − AX
)
, (3.7)
where δJX denotes the change of DπDσ. δAX as well as δD˜ are induced by δπ and δσ.
On the other hand, the r.h.s of (3.1) turns to be
∫
Dψ′cDψ¯
′
c e
−Ac[ψ′c,ψ¯
′
c]−
∑
n
(Ψ¯′n−B¯
′
n)α(Ψ
′
n−B
′
n)
=
∫
DψcDψ¯c
×
[
1 + ǫ
(
δJc − δAc −
∑
n
(Ψ¯n − B¯n)2iαγ5(Ψn −Bn)
)
+O(ǫ2)
]
× exp
(
−Ac[ψc, ψ¯c]−
∑
n
(Ψ¯n − B¯n)α(Ψn −Bn)
)
=
∫
DψcDψ¯c
×
[
1 + ǫ (δJc − δAc) + ǫ
∑
n
(
2i
α
∂l
∂Ψn
γ5
∂l
∂Ψ¯n
+ 2iTrγ5
)
+O(ǫ2)
]
× exp
(
−Ac[ψc, ψ¯c]−
∑
n
(Ψ¯n − B¯n)α(Ψn −Bn)
)
, (3.8)
where δJc originates from the change of DψcDψ¯c. The third term with square brackets
in the last expression of (3.8) can be placed outside of the integral over the microscopic
variables. It leads to
ǫ
∑
n
(
2i
α
∂l
∂Ψn
γ5
∂l
∂Ψ¯n
+ 2iTrγ5
)∫
DπDσ e−
∑
nm
Ψ¯nD˜(pi,σ)nmΨm−AX [pi,σ]
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=
∫
DπDσ ǫ
[
2i
∑
n
Tr
(
γ5 − γ5
D˜
α
)
nn
−
∑
nm
2i
α
Ψ¯n(D˜γ5D˜)nmΨm
]
× exp
(
−
∑
nm
Ψ¯nD˜(π, σ)nmΨm − AX [π, σ]
)
. (3.9)
Collecting the contributions of order O(ǫ) in (3.7) and (3.8), we obtain
∫
DψcDψ¯c (δJc − δAc) e
−Ac[ψc,ψ¯c]−
∑
n
(Ψ¯n−B¯n)α(Ψn−Bn)
=
∫
DπDσ
[
(δJX − δAX)− 2i
∑
n
Tr
(
γ5 − γ5
D˜
α
)
nn
−
∑
nm
Ψ¯n
(
i{γ5, D˜}+ δD˜ −
2i
α
D˜γ5D˜
)
nm
Ψm
]
× exp
(
−
∑
nm
Ψ¯nD˜(π, σ)nmΨm −AX [π, σ]
)
. (3.10)
It should be noted that since one introduces the auxiliary fields only on the coarse lattice,
one has to perform their integration in the macroscopic action.
For the l.h.s. of (3.10), we may take δAc = δJc = 0. The former follows from our
requirement of (2.2). The latter, the condition of absence of anomaly in the microscopic
theory, is expected to be the case because the theory has no gauge fields. Turn to the
r.h.s. of (3.10), therefore, the path-integral over the auxiliary fields gives zero. This allows
a wide class of solutions for which the integrand becomes π or σ derivative of something.
We consider here more restrict class of solutions for which the integrand itself vanishes.
In order to further reduce this condition, we assume that δπn and δσn are local and do
not depend on the fermionic fields Ψn, Ψ¯n, Bn and B¯n: They are functions only of πn and
σn. We thus obtain three conditions,
Ψ¯n
[{
γ5, D˜
}
−
2
α
D˜γ5D˜ − i δD˜
]
nm
Ψm = 0, (3.11a)
δA
(0)
X = 0, (3.11b)
2i
∑
n
Tr
(
γ5 − γ5
D˜
α
)
nn
− δJX + δA
count
X = 0. (3.11c)
Here AX is divided into two parts, AX = A
(0)
X + A
count
X : A
(0)
X denotes a chiral invariant
action, and AcountX a counter action.
The first eq.(3.11a) is a generalization of the GW relation for free theory. It depends
on the auxiliary fields and tells us how to construct an exact chiral symmetry in the
macroscopic theory. The second eq.(3.11b) can be used to fix an invariant potential of the
auxiliary fields. The third eq.(3.11c) represents the anomaly matching relation: Because
of the absence of anomaly in the microscopic theory, the macroscopic theory should be
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anomaly free. The first term in the l.h.s of (3.11c) can be interpreted as the change of the
macroscopic path integral measure DΨDΨ¯ under the chiral transformations constructed
below. The second term δJX is the change of the macroscopic path integral measure of
the auxiliary fields DπDσ under (3.5). If these two contributions do not vanish, they
must be eliminated by the contributions from the counter term δAcountX .
4 Solutions to the GW relation and other WT iden-
tities
Let us consider first the GW relation (3.11a) which reduces to[{
γ5, D˜
}
−
2
α
D˜γ5D˜ − i δD˜
]
nm
= 0, (4.1)
where D˜nm = Dnm + δnmXn with Xn = (iγ5π + σ)n. We use here again the locality
assumption that δXn should be only a function of Xn. Then, the GW relation (4.1) can
be decomposed into contact terms and non-contact terms:
{γ5, Xn} −
2
α
Xnγ5Xn − i δXn = 0, (4.2)[
{γ5, D} −
2
α
Dγ5D −
2
α
Dγ5X −
2
α
Xγ5D − i δD
]
nm
= 0. (4.3)
Since the X commutes with γ5
1, it immediately follows from (4.2) that

δXn = −2iγ5Xn
(
1− 1
α
Xn
)
δπn = −2σn +
2
α
(σ2n − π
2
n)
δσn = 2πn −
4
α
σnπn
. (4.4)
In order to solve (4.3), we make an ansatz for the Dirac operator:
D˜ ≡ D0 + (1 + L(D0))X (1 +R(D0))
= D +X,
D = D0 + L(D0)X +XR(D0) + L(D0)XR(D0), (4.5)
where the D0 is the Dirac operator in the free theory. It satisfies the original GW relation,
{γ5, D0} =
2
α
D0γ5D0. (4.6)
Let us suppose that a solution for D0 such as the Neuberger’s type [2] is given. The
functions L(D0) and R(D0) can be fixed by substituting (4.5) into (4.3) and using (4.4)
for δX . After a little algebra, we find that the Dirac operator,
D˜ = D0 +
(
1−
1
α
D0
)
X
(
1−
1
α
D0
1− 2
α
γ5D0γ5
1− 1
α
γ5D0γ5
)
, (4.7)
1The matrix γ5 satisfies γ
2
5
= 1.
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solves the GW relation (4.1).
Let us determine the potential for the auxiliary fields AX [π, σ]. We first consider
(3.11a) to find a potential term A
(0)
X [π, σ] which is invariant under the nonlinear chiral
transformations (4.4) for π and σ. It turns out to be
A
(0)
X [π, σ] =
∑
n
h

 π2n + σ2n
1− 2σn
α
+ pi
2
n+σ
2
n
α2

 , (4.8)
where h(x) is a function of x.
We next consider (3.11c) to fix the counter action AcountX = A
(1)
X + A
(2)
X . These obey
δA
(1)
X [π, σ] = δJX [π, σ] = −
∑
n
(
8
α
πn
)
= i
22−
d
2
α
∑
n
Trγ5(X −X
†), (4.9)
δA
(2)
X [π, σ] = −2i
∑
n
Tr
(
γ5 − γ5
D˜
α
)
nn
= i
2
α
∑
n
Tr (γ5(1 + L)X(1 +R))nn , (4.10)
where the trace Tr is taken over the spinor space. Solving these, we find
A
(1)
X [π, σ] =
∑
n
2 ln
(
1−
2σn
α
+
π2n + σ
2
n
α2
)
= 21−
d
2
∑
n
Tr ln

(1− Xn
α
)1− X†n
α



 , (4.11)
A
(2)
X [π, σ] =
∑
n
Tr
(
γ5(1 + L)γ5 ln
(
1−
X
α
)
· (1 +R)
)
nn
. (4.12)
We summarize here the structure of the chiral symmetry in the macroscopic theory.
We may define the chiral transformation2 as
δΨn = iγ5
(
1−
2
α
D˜
)
nm
Ψm
δΨ¯n = Ψ¯n iγ5
δXn = −2iγ5
(
Xn −
1
α
XnXn
)
. (4.13)
In the path-integral over the macroscopic fields,
ZMACRO
=
∫ [
DΨDΨ¯DπDσ e−A
(1)
X
[pi,σ]−A
(2)
X
[pi,σ]
]
e−
∑
nm
Ψ¯nD˜(pi,σ)nmΨm−A
(0)
X
[pi,σ], (4.14)
2For the Dirac fields, the most general form of the chiral transformation may be given by δΨ =
iγ5[1− α
−1(2 − s)D˜]Ψ, δΨ¯ = Ψ¯i(1− α−1sD˜)γ5, where s is a real constant. In (4.13), we take s = 0.
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the measureDΨDΨ¯DπDσ multiplied by the exponential of the counter actions e−(A
(1)
X
+A
(2)
aux)
becomes invariant under (4.13). The remaining action
Ainv =
∑
nm
Ψ¯n (D0 + (1 + L)(iγ5π + σ)(1 +R))nmΨm + A
(0)
X [π, σ] (4.15)
is also chiral invariant: δAinv = 0. In summary, we construct an exact chiral symmetry in
quantum system (4.14) with the auxiliary fields describing the scalar and pseudo-scalar
couplings of the fermionic self-interactions.
5 Summary and discussion
In this letter, we have constructed an exact chiral symmetry in the quantum system
(4.14) on the coarse lattice with the auxiliary fields describing the scalar and pseudo-
scalar couplings of the fermionic self-interactions. The GW relation plays a key roˆle in
this construction, as in the case of chiral gauge theories. It should be remarked, however,
that the GW relation obtained here and the one for chiral gauge theories have different
structure: Although the Dirac operator in the latter depends on the gauge field, its
expression takes the same form as that for free theories. In contrast to this, our GW
relation (4.1) has additional contribution from the auxiliary fields. We have solved the
relation under the locality assumption on the auxiliary fields. The solutions are obtained
in a closed form, and used to construct the chiral transformations of the Dirac as well
as the auxiliary fields on the coarse lattice. We have also solved other WT identities to
fix the auxiliary-field sector of the macroscopic action, i.e., the invariant action and the
counter action needed to define chiral invariant measure. In this way we have obtained
chiral symmetric partition function (4.14).
The lattice chiral symmetry discussed here has yet some peculiar properties. All the
fields on the coarse lattice transform nonlinearly. The δΨ and δΨ¯ depend on X , and
δX has X2 term. As a result, none of the kinetic term Ψ¯D0Ψ, the Yukawa coupling
term Ψ¯(1 + L)(iγ5π + σ)(1 +R)Ψ, the functional measure DΨDΨ¯DπDσ becomes chiral
invariant. Furthermore, the invariant operators made out of the auxiliary fields are non-
polynomial, as seen in (4.8). It makes the integration of the auxiliary fields difficult.
These problems are related to the choice of the dynamical variables in our system. In a
forthcoming paper [15], we describe our construction of the symmetry in more detail, and
discuss the above problems as well as the structure of our lattice chiral symmetry.
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